We prove two conjectures of E. Khukhro and P. Shumyatsky concerning the Fitting height and insoluble length of finite groups. As a by-product of our methods, we also prove a generalization of a result of Flavell, which itself generalizes Wielandt's Zipper Lemma and provides a characterization of subgroups contained in a unique maximal subgroup. We also derive a number of consequences of our theorems, including some applications to the set of odd order elements of a finite group inverted by an involutory automorphism.
Introduction
A classical result of R. Baer [1] states that an element x of a finite group G is contained in First, if G is soluble then a complete generalization is obtained: [6, Theorem 1.1] proves that if the Fitting height of the subgroup E G,k (x) (for any k) is h, then x is contained in F h+1 (G) -the (h + 1)-st Fitting subgroup of G.
Secondly, they also discuss analogous results for insoluble groups: For a finite group G,
for a certain function f defined in terms of h and the number of prime divisors of the order of x (counting multiplicities). The authors conjecture in [6, Conjecture 7.1] that in this case, x is in fact contained in F * h+1 (G). The first main result of this paper is a proof of this conjecture.
The first author was partially supported by the NSF grant DMS-1901595. has generalized Fitting height h for some positive integer k. Then x is contained in F * h+1 (G).
Thirdly, another length parameter for finite groups is discussed. For a finite group G, write λ(G) for the insoluble length of G. That is, λ(G) is the minimum number of insoluble factors in a normal series for G each of whose factors is either soluble or a direct product of non-abelian simple groups. In particular, a group is soluble if and only if λ(G) = 0. The group R 0 (G) is defined to be the soluble radical of G, while R i (G) is defined to be the largest normal subgroup 
Bounds on the insoluble length and the Fitting height of a finite group have proved to be powerful tools in both finite and profinite group theory. In particular, such bounds were crucial in the reduction of the Restricted Burnside Problem to soluble and nilpotent groups due to P. Hall and G. Higman [4] . J. Wilson also used such bounds when reducing the problem of proving that periodic profinite groups are locally finite to pro p-groups [7] . E. Zelmanov then solved both of these problems in his famous papers [8, 9, 10] .
If A is a subgroup of H, let A H denote the subgroup H generated by all the conjugates of A in H. Theorems 1.1 and 1.2 can in fact be deduced from the following general result.
Theorem 1.3. Let G be a group which satisfies the max condition on subgroups, and the min condition on subnormal subgroups, and let A be a subgroup of G with
Then one of the following holds.
(2) A is contained in a unique maximal subgroup of G. As a by-product of our methods, we also obtain strong results concerning the sets E G,k (x). In Theorem 1.4, the commutators [g, k α] are understood to be computed in G, α . In the special case where the automorphism α in Theorem 1.4 is an involution, a stronger result is available. First, in this case define the set J G (α) := {g ∈ G : g has odd order and g α = g −1 }.
We then have the following.
where k is maximal with the property that G has an element g inverted by α with g 2 k of odd order. In particular, G = J G (α) .
We also record a corollary of Theorem 1.5, which may be of independent interest. We will write Z(G), F (G), and [G, G] to denote the centre, Fitting subgroup, and derived subgroup of G, respectively. For an element g of G, we will denote the order of g by |g|.
Acknowledgement: We would like to thank Professor Pavel Shumyatsky for introducing us to these problems, and for useful discussions. Proof. We first prove that Theorem 1.4 holds. So assume that G is a finite group, α is an automorphism of G, and [G, α] = G. Suppose that k is minimal with the property that We now prove Theorem 1.5. So assume that α is an involution. Let k be maximal with the property that there exists g ∈ G with g not of 2-power order, and |g| 2 = 2 k . Then since [g, k α] = g (−2) k , we have that E G,k+1 (α) = E G,k+2 (α) = . . . = E G,s (α) = . . ., and each element of E G,k+1 (α) is inverted by α. Thus, E G,k (α) ⊆ J G (α), and the result follows from Theorem 1.4. Note that J G (α) is contained in E G,j for all j, whence J G (α) = E G,j for j > k.
Proofs of the main theorems
Finally, the proofs of Theorems Our generalization can now be given as follows. Now, choose X ∈ Ω(A, G) maximal with respect to X being contained in at least two maximal subgroups of G. This set is not empty since A has this property. If L = M is any maximal subgroup of G containing X, observe that X is the stable term in the normal closure series for A in L (by part (iii) of the previous lemma, X is contained in the stable term, which in turn is contained in Y ≤ M and by maximality, it is the stable term).
Thus, X is subnormal in all but at most one of the maximal subgroups in which it is contained. Flavell's Theorem [2] then implies that X is contained in a proper normal subgroup of G. Since A ≤ X, this completes the proof.
We remark that this does indeed generalize the theorem of Flavell mentioned above. To see this, suppose that G is finite, A < G, |M(A)| ≥ 2, and A is subnormal in all but at most one member, say M , of A. We claim that A is contained in a proper normal subgroup of G.
Clearly, we may assume that A G = G. We first prove that A = F (A, L) for any maximal Finally, we prove Corollary 1.6.
Proof of Corollary 1.6. Recall that G is a finite group, α is an involutory automorphism of G, X := [G, α], and R := R(X) is the soluble radical of X. We need to prove that |X/R(X)| can be bounded in terms of |J|, where J := J G (α). Writing bars to denote reduction modulo R, 6 ROBERT M. GURALNICK AND GARETH TRACEY we have that X can be bounded in terms of F , where F := F * (X). By construction, we have F = [F , α]. Let H be the stable term in the subnormal series F ≥ [F, α] ≥ [F, α, α] ≥ . . ..
Then H = F , and [H, α] = H. Then J 1 := J H (α) generates F modulo R, and J 1 is normalized by C F (α). Since F is a direct product of non-abelian simple groups, we have Z( F , α ) = 1.
Hence, |C F (α)| ≤ |J 1 |!. Finally, [3] implies that F has a nilpotent normal subgroup of index bounded by a function of |C F (α)|. This completes the proof.
